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Abstract
After GGH model was proposed in [2], Ikehata-Iyota [12] showed decay estimates for the
total energy of solutions to GGH equations uniformly in the initial data. However, their
results imply that the total energy is bounded when the initial data belong to the energy
space. That is, whether it actually decays has not been known so far. In this paper we report
a positive answer to that question.
1 Introduction
In this paper we consider the Cauchy problem of the solution to the wave equation with the
structural damping term{
utt −∆u+∆2ut = 0, t > 0, x ∈ Rn,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Rn,
(1.1)
where n ≥ 1 and [u0, u1] ∈ (H1(Rn) ∩ L1(Rn))× (L2(Rn) ∩ L1(Rn)).
Wave equations with structural damping terms (−∆)θut (θ ≥ 0) are already studied by many
mathematicians. For example, in Han-Milani [3], Hosono [4], Hosono-Ogawa [5], Karch [13],
Marcati-Nishihara [14], Matsumura [15], Michihisa [16], Narazaki [19], Nishihara [20], Sakata-
Wakasugi [22] and Takeda [24], they have investigated the diffusion structure for the case θ = 0,
i.e., damped wave equations. Nishihara [20] first studied the wave effect of the damped wave
equation in the three dimensional case and higher order asymptotic expansions of the solution
are found by Takeda [24], which inspired Michihisa [16]. Karch [13] obtained the asymptotic
profile of the solution in the case θ ∈ [0, 1/2) and his results are also applied to nonlinear
problems in the same paper. See also D’Abbicco-Reissig [1] and references therein for recalling
some decay estimates of solutions in the case θ ∈ (0, 1].
By the author’s best knowledge, mathematical studies on the strongly damped wave equation
(θ = 1) are started by Ponce [21] and Shibata [23]. After they obtained Lp-Lq estimates of the
solution, e.g., Ikehata-Natsume [8] showed the total energy decay estimates of the solution in
the case θ ∈ [1/2, 1]. They also derived the L2 decay estimates of the solution but the optimal
estimates for the L2 norm of the solution with θ = 1 were not obtained until Ikehata [7] and
Ikehata-Onodera [9]. Recently, the author [18] found the optimal leading term of the solution to
∗Corresponding author.
Email: hi.michihisa@gmail.com
2010 Mathematics Subject Classification. 35L05, 35L30, 35B65
Keywords and Phrases: Damping, Regularity loss, Total energy, Diffusion structure
1
the strongly damped wave equation in the Fourier space based on [17] where he had established
a method to appropriately expand the solution operators. Ikehata-Takeda [10] have classified
asymptotic profiles of solutions to wave equations with damping terms µ(−∆)θ more precisely
according to all the powers θ ∈ (0, 1] and the constants µ > 0. See also Ikehata-Todorova-
Yordanov [11] where they stated existence results and asymptotic profiles of solutions to abstract
equations including the strongly damped wave equation. These results above indicate that the
solution of the strongly damped wave equation has a stronger wave-like property than that of
the damped wave equation. The diffusion structure is, however, dominant in both cases.
On the contrary, higher order fractional damping terms give a completely different phe-
nomenon due to the regularity loss effect. After Ghisi-Gobbino-Haraux [2] introduced the model
equation (1.1), Ikehata-Iyota [12] showed the decay estimates of the total energy and the op-
timal L2 decay estimate of the solution. When they discussed the optimal decay estimate of
the solution, they imposed some regularity conditions on the initial data to assure that the
diffusive effect is still strong. They also considered the low regularity cases and found some
decay estimates except for the case that the initial data belong to the energy space. In such a
case, estimates derived by them tell us only that the L2 norm of the solution is bounded. So we
cannot determine whether it actually decays or not. In this paper, with simple calculations, we
would like to give a positive answer to this question.
Before we state main results, we introduce some notation. The Fourier transform fˆ(ξ) of a
function f(x) is defined by
fˆ(ξ) := (2π)−
n
2
∫
R
n
e−ix·ξf(x) dx.
We write the Lp(Rn) norm as ‖ · ‖p throughout this paper. When p = 2, subscript 2 is omitted.
The total energy of the solution u = u(t, x) to (1.1) is defined by
E(t) := ‖ut(t, ·)‖2 + ‖∇u(t, ·)‖2 = ‖uˆt(t, ·)‖2 + ‖|ξ|uˆ(t, ·)‖2.
We also use Sobolev norms
‖Dℓf‖ := ‖|ξ|ℓfˆ‖
for f ∈ Hℓ(Rn) with ℓ ≥ 0. Now we are ready to state the main results of this paper.
Theorem 1.1 Let n ≥ 1 and u be the solution to (1.1) with the initial data [u0, u1] ∈ (H1(Rn)∩
L1(Rn))× (L2(Rn) ∩ L1(Rn)). Then it holds that
lim
t→∞E(t) = 0.
Theorem 1.1 shows that the total energy does decay as t → ∞. In this sense the term
(−∆)2ut actually works as friction even for the low regularity case. However, it seems to be
difficult to discuss the optimal decay rate. One may need another approach to obtain sharp
decay estimates uniformly in the initial data.
We also gain the following theorem first proved in [12] (see Theorem 1.1 in [12] with θ = 2)
based on the proof of Theorem 1.1 given in Section 3.
Theorem 1.2 Let n ≥ 1 and ℓ ≥ 0. If [u0, u1] ∈ (Hℓ+1(Rn) ∩ L1(Rn)) × (Hℓ(Rn) ∩ L1(Rn)),
then the solution u to (1.1) satisfies
E(t) ≤ C(1 + t)−n+24 ‖u0‖21 +C(1 + t)−
n
4 ‖u1‖21 + C(1 + t)−ℓ(‖Dℓ+1u0‖2 + ‖Dℓu1‖2), t > 0.
Here, C > 0 is a constant independent of t and the initial data.
2
2 Solution formula
Ghisi-Gobbino-Haraux [2] proved that problem (1.1) admits a unique mild solution in the class
u ∈ C([0,∞);H1(Rn)) ∩ C1([0,∞);L2(Rn))
when the initial data belong to the energy space
[u0, u1] ∈ H1(Rn)× L2(Rn).
See also their results on smoothing properties. In this paper we will consider and fully use
the formal solution formula in the Fourier space. The characteristic equation corresponding to
problem (1.1) is
λ2 + |ξ|4λ+ |ξ|2 = 0
and we put its solutions as
λ± :=
−|ξ|4 ±
√
|ξ|8 − 4|ξ|2
2
.
Hence the solution formula in the Fourier space is given by
uˆ(t, ξ) = E0(t, ξ)û0 + E1(t, ξ)
( |ξ|4
2
û0 + û1
)
,
where
E0(t, ξ) :=

e−
1
2
t|ξ|4 cos
(
t
√
4|ξ|2 − |ξ|8
2
)
, |ξ| ≤ 3√2,
e−
1
2
t|ξ|4 cosh
(
t
√
|ξ|8 − 4|ξ|2
2
)
, |ξ| ≥ 3√2,
E1(t, ξ) :=

e−
1
2
t|ξ|4 sin
(
t
√
4|ξ|2 − |ξ|8
2
)/√
4|ξ|2 − |ξ|8
2
, |ξ| ≤ 3√2,
e−
1
2
t|ξ|4 sinh
(
t
√
|ξ|8 − 4|ξ|2
2
)/√|ξ|8 − 4|ξ|2
2
, |ξ| ≥ 3√2.
Note that {ξ ∈ Rn : |ξ| = 3√2} is a removable singular set of uˆ and so we can write uˆt as follows:
uˆt(t, ξ)
= −2 |ξ|√
4− |ξ|6 sin
(
t
√
4|ξ|2 − |ξ|8
2
)
e−
1
2
t|ξ|4û0
+
[
− |ξ|
3√
4− |ξ|6 sin
(
t
√
4|ξ|2 − |ξ|8
2
)
+ cos
(
t
√
4|ξ|2 − |ξ|8
2
)]
e−
1
2
t|ξ|4û1, |ξ| ≤ 3
√
2,
(2.1)
uˆt(t, ξ)
= − 2|ξ|2
√
1− 4/|ξ|6 sinh
(
t
√
|ξ|8 − 4|ξ|2
2
)
e−
1
2
t|ξ|4û0
+
[
− 1√
1− 4/|ξ|6 sinh
(
t
√
|ξ|8 − 4|ξ|2
2
)
+ cosh
(
t
√
|ξ|8 − 4|ξ|2
2
)]
e−
1
2
t|ξ|4û1, |ξ| ≥ 3
√
2.
(2.2)
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3 Proofs
First, we prepare some basic estimates. Since they can be shown by simple calculations, proofs
are omitted.
Lemma 3.1 Let n ≥ 1 and m ≥ 0. Then there exists a constant C > 0 such that
‖|ξ|me− 12 t|ξ|4‖L2(|ξ|≤1) ≤ C(1 + t)−
n+2m
8 , t ≥ 0, (3.1)
sup
|ξ|≥1
e
− t
|ξ|2
|ξ|m ≤ C(1 + t)
−m
2 , t ≥ 0. (3.2)
In the low frequency region one can observe a diffusion wave property. Due to its diffusion
structure the following decay estimate can be easily proved.
Lemma 3.2 Let n ≥ 1 and u be the solution to (1.1) with the initial data [u0, u1] ∈ (H1(Rn) ∩
L1(Rn))× (L2(Rn) ∩ L1(Rn)). Then it holds that
‖uˆt(t, ·)‖2L2(|ξ|≤1) + ‖|ξ|uˆ(t, ·)‖2L2(|ξ|≤1) ≤ C(1 + t)−
n
4 ‖u0‖21 + C(1 + t)−
n+2
4 ‖u1‖21, t > 0.
Here, C > 0 is a constant independent of t and the initial data.
Proof. From (2.1), we see that
|uˆt(t, ξ)| ≤ C|ξ|e−
1
2
t|ξ|4‖u0‖1 + Ce−
1
2
t|ξ|4‖u1‖1
for t > 0 and ξ ∈ Rn with |ξ| ≤ 1. It follows from (3.1) that
‖uˆt(t, ·)‖2L2(|ξ|≤1) ≤ C(1 + t)−
n+2
4 ‖u0‖21 + C(1 + t)−
n
4 ‖u1‖21, t > 0.
Similarly, we have
|ξ||uˆ(t, ξ)| ≤ C|ξ|e− 12 t|ξ|4‖u0‖1 + Ce−
1
2
t|ξ|4‖u1‖1
for t > 0 and ξ ∈ Rn with |ξ| ≤ 1. Thus, as for ∇u, we obtain the same L2 estimate as above.
Therefore the proof is complete. 
Next lemma says that the total energy in the middle frequency region decays exponentially
in t.
Lemma 3.3 Let n ≥ 1 and u be the solution to (1.1) with the initial data [u0, u1] ∈ H1(Rn)×
L2(Rn). Then it holds that
‖uˆt(t, ·)‖2L2(1≤|ξ|≤√2) + ‖|ξ|uˆ(t, ·)‖2L2(1≤|ξ|≤√2) ≤ Ce−ct‖u0‖22 + Ce−ct‖u1‖22, t > 0.
Here, C > 0 and c > 0 are constants independent of t and the initial data.
Proof. To derive the desired estimate we can use the estimates below:
(i) sup
x>0
∣∣∣∣sinxx
∣∣∣∣ = 1, (ii) sinhxx ≤ Cex (x > 0),
(iii) 0 < e−
1
2
t|ξ|4 sinh
(
t
√
|ξ|8 − 4|ξ|2
2
)
≤ eλ+t, 0 < e− 12 t|ξ|4 cosh
(
t
√
|ξ|8 − 4|ξ|2
2
)
≤ eλ+t.
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From (2.1) with (i), one has
|uˆt(t, ξ)| ≤ C(1 + t)e−
t
2 (|û0(ξ)|+ |û1(ξ)|)
for t > 0 and ξ ∈ Rn with 1 ≤ |ξ| ≤ 3√2. Similarly, it follows from (2.2) with (ii) and (iii) that
|uˆt(t, ξ)| ≤ C(1 + t)eλ+t(|û0(ξ)|+ |û1(ξ)|)
for t > 0 and ξ ∈ Rn with 3√2 ≤ |ξ| ≤ 4. Note that
λ+ ≤ − 2|ξ|2 ≤ −
1
8
if 3
√
2 ≤ |ξ| ≤ 4. So, for arbitrary c ∈ (0, 1/8), there exists a constant C > 0 such that
|uˆt(t, ξ)| ≤ Ce−ct(|û0(ξ)| + |û1(ξ)|)
for t > 0 and ξ ∈ Rn with 1 ≤ |ξ| ≤ 4. The same estimate also holds for |ξ||uˆ(t, ξ)| and thus the
lemma is obtained. 
The following lemma is the essential part of this paper. Especially, the behavior of λ+ in the
high frequency region is a key to derive desired decay estimates for the total energy. See (3.5)
below which comes from the negativity of λ+.
Lemma 3.4 Let n ≥ 1 and u be the solution to (1.1) with the initial data [u0, u1] ∈ H1(Rn)×
L2(Rn). Then it holds that
lim
t→∞
(
‖uˆt(t, ·)‖2L2(|ξ|≥1) + ‖|ξ|uˆ(t, ·)‖2L2(|ξ|≥1)
)
= 0.
Proof. First, we see that
λ+ = − 1|ξ|2
2
1 +
√
1− 4/|ξ|6 ≤ −
1
|ξ|2
for t > 0 and ξ ∈ Rn with |ξ| ≥ 3√2. Thus it follows from (2.2) and (iii) in the previous proof
that
|uˆt(t, ξ)| ≤ C e
− t
|ξ|2
|ξ|2 |û0(ξ)|+ Ce
− t
|ξ|2 |û1(ξ)| (3.3)
for t > 0 and ξ ∈ Rn with |ξ| ≥ √2. Similarly, one also has
|ξ||uˆ(t, ξ)| ≤ Ce−
t
|ξ|2 |ξ||û0(ξ)|+ C e
− t
|ξ|2
|ξ|3 |û1(ξ)| (3.4)
for t > 0 and ξ ∈ Rn with |ξ| ≥ √2. For fixed ξ ∈ Rn with |ξ| ≥ √2, we can easily see that
0 < e
−2 t
|ξ|2 ≤ 1, lim
t→∞ e
−2 t
|ξ|2 = 0. (3.5)
Therefore the Lebesgue dominated convergence theorem gives the desired result under the con-
dition that the initial data belong to the energy space. 
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Theorem 1.1 is a direct result of Lemmas 3.2-3.4. At the end of this paper, we prove Theo-
rem 1.2 based on the proof of Theorem 1.1.
Proof of Theorem 1.2. Recall inequalities (3.3) and (3.4) to derive
|uˆt(t, ξ)| ≤ C e
− t
|ξ|2
|ξ|ℓ+3 |ξ|
ℓ+1|û0(ξ)| +C e
− t
|ξ|2
|ξ|ℓ |ξ|
ℓ|û1(ξ)|,
|ξ||uˆ(t, ξ)| ≤ C e
− t
|ξ|2
|ξ|ℓ |ξ|
ℓ+1|û0(ξ)|+ C e
− t
|ξ|2
|ξ|ℓ+3 |ξ|
ℓ|û1(ξ)|,
for t > 0 and ξ ∈ Rn with |ξ| ≥ √2. With the aid of (3.2), we have
‖uˆt(t, ·)‖2L2(|ξ|≥√2) ≤ C(1 + t)−(ℓ+3)‖Dℓ+1u0‖2 + C(1 + t)−ℓ‖Dℓu1‖2,
‖|ξ|uˆ(t, ·)‖2
L2(|ξ|≥√2) ≤ C(1 + t)−ℓ‖Dℓ+1u0‖2 + C(1 + t)−(ℓ+3)‖Dℓu1‖2,
for t > 0. Combining these estimates with Lemmas 3.2 and 3.3, we complete the proof of the
theorem. 
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